DOUBLE LOGARITHMIC INEQUALITY WITH A SHARP CONSTANT 

IN FOUR SPACE DIMENSIONS 



MOHAMED MAJDOUB AND TAREK SAANOUNI 



Abstract. We prove a Log Log inequality with a sharp constant in four dimensions 
for radially symmetric functions. We also show that the constant in the Log estimate is 
almost sharp. 



1. Introduction and statement of the results 
The Sobolev embeddings in four dimensions pQ, 

W 2 >p ^ L^v for l<p<2 and W 2 ' p <-+ C 2 ~? for 2 < p < oo 

fails in the limiting case p = 2. In the setting of a bounded domain we have the injection 
W 2 ' 2 C L q for any q < oo. The function log(l — log \x\) is a conterexample if the domain 
is a subset of the unit ball. Moreover, H 2 := W 2,2 functions are in a so-colled Orlicz space 
[5], i.e. their exponential powers are integrable functions. Precisely, we have the following 
Adams' type inequality. 

Theorem 1.1 (|13j. Theorem 2.2). For any a G (0, 32-/r 2 ) there exists a constant C(a) > 
such that 

(1.1) / (> |u(:c)|2 - l)dx < C(a)\\u\\ 2 L 2 V u G W 2 ' 2 (R 4 ) with \\Au\\ L 2 < 1, 

and this inequality is false for a > 32ir 2 . 

We stress that a = 32ir 2 becomes admissible if we require ||u||jy2,2 < 1 raher than 
HA^Hl 2 < 1, where 



|2 _ II A„,l|2 , ||V7„.I|2 , ||„,||2 



Au\\ z L 2 + \\Vu\\l2 + \\u\ 



Theorem 1.2 Q16J, Theorem 1.4). There exists a constant C > such that for any 
domain llcl 4 

(1.2) sup / (e 32 - 2 !^)! 2 - l)dx < C 

u&H${n), ||«|| H 2<i ^ 

and this inequality is sharp. 

In this work, we prove that in the radial case we can control the L°° norm with H 2 
norm and a stronger norm with Logarithmic growth or double logarithmic growth. The 
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inequality is sharp for the double logarithmic growth. Similar results proved in two di- 
mensions in [10\ Hj was applied in [7] to prove global well-poseness of semilinear wave 
and Schrodinger equations with nonlinearity growing exponentially. 

For any a G (0, 1), we denote by C a := C a (M 4 ) the space of a-H61der continuous 
functions endowed with the norm 

n n . \u(x)-u(y)\ 

IMIc<* = IMIc q (r 4 ) : = IMIl°°(r 4 ) +sup 



x=£y \% y I 

Moreover, C a := C a (WL ) denotes the homogenous space of a-H61der continuous functions 
endowed with the semi norm 

iL.ii. _|L.i|. „ m M x ) - <y)\ 

x t z y \ "I 

We also define the ratio N a (u) := jjj^jpj- For an y positive real number r, B r is the ball 

of R 4 centered at the origin with radius r and B := B\. The space Hq(Q) stands for 
the completion in the Sobolev space H 2 of smooth and compactly supported functions. 
HQ rad (Q) (respectively H 2 ad (Q)) is the space of radially symmetric functions of Hq(Q) 
(respectively H 2 (£l)). 

Our first result reads 

Theorem 1.3. (Double Log estimate) Let a G (0,1). A positive constant C a exists 
such that for any function u G (HQ rad n C a )(B), we have 

(1.3) < ^-\\Au\\ 2 L2 log (e 3 + C a N a (u)y/\og(2e + Njujfj. 

Moreover, the constant ^ a in the above inequality is sharp. 

The second result of this paper is the following 

Theorem 1.4. (Log estimate) Let a G (0,1). For any A > there exists C\ > 

such that for any function u G {HQ rad n C a )(B), we have 

(1.4) \\u\\ 2 LOO < X\\Au\\ 2 L2 log (C x + N a (u) 

Moreover, the above inequality is false for A = . 

We derive the following global estimate. 

Corollary 1.5. (Global Log estimate) Let a G (0,1). For any A > gJ^j and any 
fj, G (0,1], there exists C\ > such that for any function u G (H 2 ad n C a )(R 4 ), we have 

>" a ||n||c-o 



(1.5) < A||n||^log^C A + 

Where \\u\\* := (1 + Au||| 2 +3//|H|^ 1 . 

Remark 1.6. When we deal with higher order derivatives, we cannot reduce the problem 
to the radial case as in dimension two for example. The reason is that, for a given function 
u G W 2,2 , we do not know wether or not (the Schwarz symmetrization of u) still belongs 
to W 2,2 . Even if this is the case, no inequality of the form [|Ait*||^a < ||Au||^2 is known to 
hold. To overcome this difficulty, one can try to apply a suitable comparison principle as 
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in |16| . Since in our case we need to control Holder norms also, this method fails to reduce 
our problem to the radial case. This is why we restrict ourselves to the radial setting. 

Finally, we mention that C will be used to denote a constant which may vary from line 
to line. We also use A < B to denote an estimate of the form A < CB for some absolute 
constant C and A « B if A < B and B < A. 

2. A Littlewood-Paley proof 

We prove that inequality (|1.4|) can be obtained with an unknown absolute constant 
instead of any A > 8 Ja a . To do so, we give a brief review of the Littlewood-Paley theory. 
We refer to [6] for more details. Denote by Cq the annulus ring defined by 

3 8 
Co := {x € M 4 such that - < \x\ < -}, 

and choose two nonnegative radial functions x £ Co°(i?*) and tp £ C^(Cq) such that 
X + ^2<p(2~ j .) = 1 on M 4 and ^ <^(2~ J .) = 1 on E 4 — {0}. 

Define the frequency projectors by 

F{A jU ) := ip(2~ j .)Tu for j € Z, 

AjU = if j < —2, .F(A_iii) = xFu and Ajit := Aju for j > 0. 
Recall that 

\\ Au \\h ~ (^2 2Aj \\^j u \\h) and ~ SU P ( 2jQ ll^i u IU° 

We have the following result in the whole space 



Proposition 2.1. Let a £ (0, 1). There exists a positive constant C := C a such that for 
any function u 6 (C Q n H 2 )(M. 4 ), one has 



(2.6) IMIico < C||u||2a + C||A«||i 2 log (e + N a (u)j . 

Proof. We have 

m—1 oo 

u = A_iu + Aju = A_iii + Aju + A j u 

jeN j=0 j=m 

where m is an integer to fix later. Using Bernstein inequality, we get 

m—1 oo 

< C|| A_itt||x^a ju||i2 -I- V] 2 Ja (2 ja ||Ajti||i, 

j=0 j'=m 

m—1 i oo 

< c\\ u \\ L 2 + cym( 24j \\ A J u \\h) 1 + C (Y1 2 ~ ja 

j=0 j=m 
2~mtt 



U\\q 



||n|| L 2 + v / m||An|| i 2 + — 

So 



if u 

2_ q ii nc* 



2— 2ma 

uf LX < C(\\uf L2 + m||A«|||a + _ 2 lH|g, a 



4 M. Majdoub, T. Saanouni,.. ./Global well-posedness of a 4D... 

Taking for E(x) the integer part of any real x, 

m := max (l, 1 + E{2 \og 2 (N a {u) 2 ) 

the proof is achieved. ■ 

Clearly, if u is supported in the unit ball, then by Poincare inequality and Proposition 
12. H we get 

IMlloo < C Q ||Au|| 2 2 log (c + N a (u) 
for some constant Co big enough. 



3. Proof of Theorem 11.31 
To prove f)l .3j) and the fact that the constant is sharp, it is sufficient to show that 



inf 



||A« 


lia log 


e 3 + C N a (u)y/log(2e + N a (u)) 




| u\ | £oo 



8vr 2 a. 



Let prove, first, the optimality of the constant 87r 2 a in the previous equality. Define for 
e > 0, the functions 



v e (x) := < 



M 2 



y87T2 £ log(I) ^87|3 1pg(i) 



if |x| < £4 . 



i_log(^) if £3 < |x| < 1, 



/2tt2 log(i) 

(-|x|+l)(|x|-2) 2 



if 1< Id < 2 



if \x\ > 2. 



Clearly u e (x) := v £ (2x) £ Hq(B). Moreover, for small e > 0, we have 



l« e |U»(B) = KIU«(B a ) = y ^2 lQ g(^) + 



87T 2 l0g(i; 



and 



kellLip(B) = 2 \\v £ \\ Lip ( B2 ) 



< 



7rJ2ehog(i) 



Since IM!^ < ||M £ ||i 00 a ||'U e ||iip, we get 



log, , 

ii ■ < n £ 

I U S II (j a — ^OL a 



l\£-a 



£4 



Using the fact that ||Au e || 2 2 ( B ) — n<-» iiz,2(b 2 ) 



A« e ||? 2 , D , = 1 + Ofr^Tr), we have 

Mog(-) " 

log(±)^ a 



N a (u £ ) < C, 



a a 
£4 



So, for C > 0, 



lim 

e->0 II u. 



\\^ e \\\ 2 



log 



£|IL°° 



e 3 + C N a (u s ) v^og(2e + iV a (u e )) < 87r 2 a. 
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Finally 



inf 



\Au\\\ 2 log 



e 3 + C N a {u)^/\og{2e + N a {u)) 



< 8vr 2 a. 



Let us prove the opposite inequality. Without loss of generality we can normalize = 
1. Moreover, using a translation argument we may assume that u(0) = 1. Since u vanishes 
on the boundary, we deduce that 



\\u\\ da > \u(^-)-u(0)\ = 1. 
\x\ 

Moreover, if = 1 then u(x) = 1 — \x\ a and the inequality is evident. In fact 

1 — u{x) = \u(x) — 1| < \x\ a thus u(x) > 1 — \x\ a , moreover if u(xq) > 1 — \xo\ a then 

l^-lxo"" 1 ^ > 1 an< ^ II u IIc q > which is absurd. In the sequel we assume that > 1. 

For D > 1, we denote the space 

(3.7) K D := {u G H^ rad {B), u(r) > 1 - Dr a , for any < r < 1}. 

It is sufficient to prove that for some C a > 0, we have 

C a D 



87r 2 a < inf inf IIAull^log 

D>lu£K D n 

Consider the minimizing problem 

(3.8) I[u] :-- 



e 3 + 



|Au|| L 2 



'log(2e + 



D 

\Au\\ L 2- 



I A l|2 

\ Au \\lHb) 



among the functions belonging to the set Kq. This is a variational problem with obstacle. 
It has a unique minimizer u* which is variationally characterized by 



(3.9) 



J AvAu* > \\Av\\ 2 L 2( B) , Vv £ K D . 



Moreover u* G W 3 '°°(B), (see [12]). Hence we have an open radially symmetric set 

O := {x G B, u*(x) > 1 - D\x\ a }. 

Now, for any v G Cq°(0) and any real number |r| small enough, we have u* +tv > 1 — Dr c 
thus u* + tv G Kd. So by (|3.9p we have 



[ A(u* + tv)Au* > ||An*||| 2 
Jb 

Taking r positive then negative and v* := An*, we have 

I v*Av = 0, Vi> G C °°(O). 
Jo 



Thus ti* is biharmonic on O, 



So, there exists two real numbers a and 6 such that 
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With a straightforward computation, and using the boundary condition, there exists a 
real number c such that 

u* (r) = —b — c + + a log(r) + br 2 . 

Now, by the boundary condition ^r(l) = 0, we have 

u*(r) = -b- c + ^ +2(c- b) log(r) + br 2 . 

Moreover, u* cannot start to be biharmonic at r = because of boundary condition. So 
there exists a real number ro G (0, 1] such that 

1 - Dr a if < r < r , 

1) + 2(c - b) log(r) if r < r < 1. 



u*(r) = 

Since u* G C 2 (B), we have 



6(r 2 -l) + c(4 



1 - Dr^ 



-a(a - l)Dr*~ 2 = 
We consider the two last equations 



= (rg - 1 - 21og(r ))6 + (4. - 1 + 21og(r ))c, 
2(1 + 4)6+ 2(3 _ 1)c _ 



-a(a-l)£>r£ 



a-2 



h 2^3 



2(1 + 4) 4(4-1) 



Let x := r 2 . With a simple computation, we obtain 

det(A) = -£(rg - I) 2 , 



6 = 



4 1 - x 

— -Ul 



[a + r 



a - 2 + 



x 
2 



4 x — 1 1 — x 

Substituting in the first equation of the precedent system, we obtain 

4(x - l) 2 



D(x) = 



xa [4(x - l) 2 + a(2 + a(l - x))(x - 1 - log(x)) + a((a - 2)(1 - x) - 2)(1 - x + xlog(x))] 
Now, let us compute || Au* \\ 2 L 2( B y Since 

-Da(a + 2)r a " 2 if < r < r , 



Aji*(r) 



+ 86 if r < r < 1, 



we obtain 

.* Il2 



||An*|| 2 2(B) = 2n 2 \(Da(a + 2)) 2 r r 2a - 1 dr+ f 1 r^^^+Sbfdr 

1 JO Jrn r 



10 Jr 

(tt(q + 2)) 2 aD 2 x a - 16vr 2 (c - 6) 2 log(x) + 32tt 2 6 2 (1 - x 2 ) + 64^ 2 6(c - 6)(1 - x). 



It follows that 



\\Au*\\ 2 L2(B) =n 2 x«D 2 



a(a+2) 2 —a 2 logx 



(a + 2- (a-2)x 2 ) 2 2a 2 

(l-x) 4 + {i-x) : 



-(a+2-ax)((a-4)x 2 +2x-a-2) 
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We denote 

g(x) ■ = 

D{x) = 



7T 2 X a 



a(a + 2) 2 — a 2 logx 



(a + 2 - (a - 2)x 2 ) 2 2a 2 . , „ 

" ,i m + Ti ( a + 2 - ax )(( a - 4 ) x + 2x - a - 2 

(1 - xp (1 - x) A 

4(x- l) 2 



xf [4(x - l) 2 + a{2 + a(l - x)){x - 1 - log(x)) + a((a - 2)(1 - x) - 2)(1 - a; + xlog(x))] ' 



F c (x) := ||A W *||| 2(s) log e 3 + C7V Q ( M *)Vlog(2e + ^ Q (w*)) 
= £> 2 (x)s<x)log 



=3 + c / log(2e + l/Vfl(x)) 



It is sufficient to prove that a constant C a exists such that 
(3.10) F Ca >8TT 2 a on (0,1]. 

We have 

g{x) - vrV(a + 2) 2 x a log(-) and D(x) - 



i \ ' 



a(2 + a)x2 log( i i 

where ^ is used to indicate that the ratio of the two sides goes to 1 as x goes to zero. 
Thus 

4 



F c (x) - (— ^ - ; j Va 2 (a + 2)V*log(*)log(e 3 + ' 



a(2 + a)x 2 (— log(x)) 

log ( e3 + ~m ) 



X 



16vr 



Sir 2 a. 



Consequently, there exists x Q G (0, 1) such that 

Fc(x) > 8n 2 a for all x G [0,x a ]. 
Now, to study the behaviour of D{x) for x — > 1, we denote 

y :=x-l, %) := 4y 2 + a(2-Qy)(y-log(y + l))-Q((Q-2)y + 2)(-y+(y + l) log(l + y)). 
An easy computation yields to 
%) = Ay 2 + a( y 2-ay)(y-log(y + l))-a((a-2)y + 2)(-y+(y + l)log(l + y)) 

2 2 

= 4y 2 + a(2 - ay)(|- + o(y 2 )) - a((a - 2)y + 2)(|- + o(y 2 )) 



% 2 + o(y 2 ), as y^O. 



Hence, 



D(l _ ) = l and inf Z) = D(x a ) > 0. 

[x a ,l] 



Moreover, g > and g(x) ^ for any x G (0, 1] because if g{x) = then u* is harmonic 
on B, which is absurd. Thus g > y a > 0, | < y a on [x a , 1] and 

^c(z) > D 2 (x a )y a log(e 3 + Cy/yZ). 

87T 2 a 

Taking C a = 1 + e ° ,we have 

^C Q 0*0 > 8tt 2 q for all x G [0, 1]. 
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4. Proof of Theorem 11.41 

The proof of Theorem 11.41 is similar to that of Theorem 11.31 
Let A > g^^, in order to prove (|1.4[) it is sufficient to prove that for some C\ > 0, we 
have 

\\Au\\ 2 L2 log(C x + N a (u)) 1 

mf ■ n — ii2 ^ t- 

«e(H 2 ir . ad nC«)(B) |M| L ,» A 

Arguing as previously, it is sufficient to prove that for some C\ > 0, we have 

~<mf inf ||Au|| 2 2 log(c A + — 
where the set is already defined in ()3.7p . Since for all C > 1, the function 

is increasing, it is sufficient to minimize I[u] among the functions belonging to the set Kjj. 
Consider u* a such minimizer. Recall that with previous computations, we have 



\Au*\\l 2{B) =ir 2 x a D 2 



v , , (a + 2- (a-2)x 2 ) 2 2a 2 , s , 

a(a + 2Y - a z logx- — - — — — + ^-(a + 2 - ax)((a - A)x z + 2x-a-2) 

(1 — x) 4 (1 — x) A 

-12/ 



H(x) := \\Au*\\l 2{B) log(C + N a (u*))=D*(x)g(x)\og(c+ ' 



g(x) := ir 2 x a a(a + 2) 2 - a 2 logx V " - ^ ~ v " 7,^ ' + (a + 2-ax)((a- 4)x 2 + 2x-a-2) 



(a + 2-{a-2)x 2 ) 2 2a 2 

(1-x) 4 + (l-x) 3 ' 



D(x) = ^ 



x%[4(x - l) 2 +a(2 + a(l - x))(x - 1 - log(x)) + a((a - 2)(1 - x) - 2)(1 - x + xlog(x))] ' 
Recall also that 

#(x) -vr 2 a 2 (a + 2) 2 x a log(-), D(x) — — and H(x) - 8vr 2 a. 

x a(2 + a)x2 log(i) 

Therefore, there exists x A G (0, 1) such that 

XH(x) > 1 for all x G [0,x A ]. 

Moreover, via previous calculus 

D(l~) = l and inf D = D(x x ) > 0. 

[XA,1] 

Note also that g > and g(x) 7^ 0, Vx G (0, 1] because if g(x) = then u* is harmonic on 
B which is absurd. Thus g > y\ > on [x\, 1]. So 

AF(x) > A J D 2 (x A )y A log(C A ). 

1 



Taking C\ = 1 + e AD ^a^a , we have 

AiT(x) > 1 for all x G [0, 1]. 

Now, let us prove that (|1.4p is false for A = which means that it is sharp. Precisely, 
we show that a sequence of functions u n G (H^ rad n C' Q )(S) exists such that for n big 
enough the following holds 

IW||oo > ^^-||Au n || 2 2 log (n% +N a (u n )y 
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Take the sequence x n := ^ := a 2 and the sequence of functions 

if < r < a n , 



u n (r) :-- 



1 - D n r a 



where 



D n = 



b n {r 2 - 1) + c„(^ - 1) + 2(c n -6„)log(r) if a n < r < 1, 

4(.x„ - l) 2 



4(x n - l) 2 + a(2 + a(l - x n ))(x n - 1 - log(a:„)) + a((a - 2)(1 - x n ) - 2)(1 - x n + cc„ log(x„)) 



4 1 - x r , 

+i 



aD n Xn 



4 3f„ - 1 



a-2 



1 x n 
2 



1 Xrj 



Using previous computations it is sufficient to prove that 

H n := ||Au n ||| 2 log (n§ + N a (u n ) 



\\Au n f L2 log (na + 



||Au 



n||L 2 



log (na + -— ) < 87r 2 a, 



where g n := g(x n ) and 

:= 7r 2 x Q a(a+2) 2 -a 2 logx 

L (1 — xj 4 (1 — x)' 3 

We have, for some sequence of positive real numbers (3 n vanishing at infinity. 



(a + 2 - (a - 2)x 2 ) 2 2a 2 , ... JX 2 

' +- -(a+2-ax)((a-4)x 2 +2x-a-2) 



1 



5„ < 7Tc^(2 + a) 2 x£ log(— )(1 + /3„) and D n g . 

Xn a(2 + a)x^ log(^) 

Where ^ is used here to indicate that the ratio of the two sides goes to 1 when n goes to 
infinity. Thus, for some sequence f3 n vanishing at infinity, 



1 



1 



7r 2 a 2 (2 + a) 2 <log(f )(l + /3 n ) 



H n < D 2 n ir 2 a 2 (2 + a) 2 x°log(— )(l + /3 n )log + 



< -— r-(l + /3n)log n 2 + = 

lo §^) V vra(2 + a)^log(^)(l + /3 n ) y 

167r 2 ,., „ . ra , . 1 . , / a a 1 

< - ; I A l + Pn) ^log(— ) + log [n^xl + 

lo sfe) 12 X " V 7ra(2 + a) A /log(f )(! + /?„ 



To conclude, it is sufficient to take the limit as n goes to infinity. 

5. Case of the whole space 

Theorems 11.31 and 11.41 were stated in the unit ball. If the function u is supported in a 
Br, a simple scaling argument gives 

IMI£»(b«) < ^\\ A u\\ 2 L 2 iBR) io g 

Similarly, a simple scaling argument in Theorem 11.41 yields 



e 3 + C R a N a (u) v / log(2e + R a N a (u)) 
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Corollary 5.1. (Log estimate) Let a G (0,1). For any A > ^ a there exists C\ > 
such that for any R > and any radial function u G (Hq Pi C a )(Bn), we have 

(5.11) IMlloo < A||Au|| 2 2 log (c x + R a N a {u) 

Now, in the whole space we have the following result. 

Corollary 5.2. (Global Log estimate) Let a G (0,1). For any A > g^L_ and any 
/i G (0, 1], i/iere exists C\ > suc/i i/iat /or any radial function u G (i7 2 Pi C a )(R 4 ), we 
fta?;e 

8 Q /x- Q ||n|| C o 



(5.12) Hwllioo < A||u||;log (C A + 

w/iere := (1 + 3fi)\\ Au|| 2 2 +3/j,\\u\\ 2 h1 . 

Proof. Let a G (0, 1), A > /u G (0, 1] and a radial function u G (i7 2 n C a )(R 4 ). Fix 

a radially symmetric function <ft G C^°(B^) such that O<0<1,0 = O near zero and 
|V<^| < 1, \A(p\ < 1. Let (fi^ := 4>(^-) and u M := ^ M n. Assume (without loss of generality) 
that IMIl 00 = |w(0)|- Then, 

Applying Corollary 15.11 we obtain 



\u\\ 2 L oo < A||Au M || 2 2 log (c x + 



l a fj,- a \\u\\c° 
\\ Au Ah 



Now, 

2 



AuJ 2 L2 = ||A^-u|| 2 2 + \\Au0j 2 L2 + 4||V</> M V-u|| 2 2 



where 



„4 

^ ^H n lli 2 + W Au Wh + ^ 2 l|Vn|ll2. 
+ 2(7) +4(7/) +4(7/7), 



(7) = J A^u^Au < ^(||u|| 2 2 + ||Au" 2 



(77) = J A^uV^Vu < ^(||n|| 2 2 + ||Vn|| 2 2 ), 

(77) = J ^AnV^Vn < ^(||An|| 2 2 + ||Vu|| 2 2 ). 

The proof is achieved because x — > x 2 log(CA + %)■, C > is increasing. ■ 
We also have the following result 

Corollary 5.3. Let a G (0, 1). For any A > g— g- , a constant C\ > exists such that for 
any radial function u G (77 2 n C°)(IR 4 ) ; we have 



\u\\l°° < IMIl 2 + 11^^11x2-1 / Alog ( e + Ca- 



IAuI 



L 2 
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Proof. Take the Littlewood-Paley decomposition 

u = A_iii + AjU := A_iu + v. 

Then, applying the previous Corollary via ||v||c<* < IMIc a ) yields, for any \i\ G [0, 1) and 

< ||u[|l2 + 

< in* + \nJx 1 log K + 8 "^ llc " )- 

Now, since |H|#i < C||Au||^2, we have 

HJ, := (1 + 3 W )||A W ||| 2 + 3 M iN|^ < (1 + 3/xi(l + C 2 ))||At;|| 2 2 . 
To conclude the proof, we take Ai and ni such that A > Ai(l + 3ui)(l + C 2 ). ■ 

Remark 5.4. 0/ course we have similar results for the log log inequality (|1.3p in R 4 uwi/i 
i/ie s/iarp constant g^j^- 

6. Appendix 

In this section, following ideas of [12] . we prove a regularity result of the minimizing 
function u* of the problem (|3.8p . Recall some notations. Take the radial function ip(r) := 
ipD,a{ r ) = 1 — Dr a and the convex closed set 

K D := {v G Hi rad(B) S. th V > 1p On _B}. 

Consider the minimizing problem I[u] := || Ait||^ 2 (£) among the functions belonging to the 
set Kr>- This is a variational problem with obstacle. It has a unique minimizer u* which 
is variationally characterized by 

/ Av An* > \\Av\\ 2 L 2( B) , \/v G K D . 

J B 

We give the following regularity result. 

Lemma 6.1. The minimizing function u* of the problem (|3.8p satisfies 

u* G (W 4 ' p n Hh(B), for any 1< p < - . 

4 — a 

The next result is known O [9] . 

Lemma 6.2. Consider the equation 

A 2 u = f in B, with u\g B = Au\q B = 0. 

If f G L P (B) for some 1 < p < oo, then the previous equation has a unique strong solution 
u G W 4,P (B) which satisfies the boundary condition in the trace sense, moreover 

ll n llH/ 4 >P(B) - C p \\f\\LP(B)- 
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Proof. Take for e > the function 

f 1 if t < 0, 
OS) ={ i-| »7 < t < e, 
{ if t>e. 

Clearly, the previous function is uniformly Lipschitz, non- increasing and satisfies < 9 £ < 
1. Let now the penalized problem 

(6.13) A 2 u £ = A 2 ip9 £ {u £ - if}) on B. 

Taking the operator on Hq(B), 



< Lw,v >:= J ^AwAw — A 2 tp9 £ (w — ip)vjdx. 
We compute, using the fact that 9 £ is nonincreasing and A 2 ip{r) = a 2 (4 — a 2 )Dr a ~ 2 > 0, 
<Lw-Lv,w-v> = J ([A(w - v)] 2 - A 2 ip[9 £ (w - ip) - 9 £ (v - ip)](w - vfjdx 

> [ [A(w-v)] 2 dx>C\\w-v\\ 2 Hl{B) . 

J B 

Which implies that L is strictly monotone and coercive. Moreover, if w n — >• w in Hq(B) 
then Lw n Lw weakly in H~ 2 (B). Thus L is continuous on finite dimensional subspaces 
of Hq(B). Applying Corollary 1.8 of Chapter III in [12], we have the existence of a unique 
u £ G Hq(B) satisfying (|6.13|) . Furthermore, with Lemma |6.2[ 

(6.14) \\u e \\ W 4, P ( B) < C p \\A 2 ip\\ LP ^ for any 1 < p < 

We claim that u £ G Ke>, which is equivalent to prove that £ = 0, with £ := u £ — 
max(u E ,!/)) < 0. Since 



J [Au £ AC - A 2 ip9 £ (u £ - ^)C)dx = 0, 



we have 

I A{u £ - iP)A(dx = [ A 2 ijj(9 £ (u £ -i{j)-l)(dx. 
Jb Jb 



Which implies that 



{AQYdx= / A 2 ^{9 £ {u £ -^)-l)Qdx. 

B J(<0 



Now, C < implies that u £ — ip < and 9 £ (u £ — ip) = 1. Thus £ = and u £ G Ko- 
With (|6.14p . u £ — 1 it in VF 4 ' P (B) for any 1 < p < Moreover, u G i^D because 

u £ G 

Let prove that u is solution to ()3.8|) . Let u G -fTo such that u > V + 5 for some 5 > 0. 
Recall that < Lu £ ,v — u >= 0. Applying a Minty's argument (see for example Lemma 1.5 
of chapter III in |12j), yields < Lv,v — u £ >> 0. Which implies that 

AvA(v — u £ )dx > / A 2 ip9 £ (v — ip)(v — u £ )dx. 
b Jb 

If e < <5, then 9 £ (v — ip) = 0. So, taking e — >• then 5 — >• 0, we have 

/ Ai;A(t> — u)dx > for any v >ip. 
Jb 
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Applying a second time the same argument of Minty, we conclude that u = u* is the 
solution to the minimizing problem (|3,8|) . ■ 
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